Causal anomalies in two Kaluza-Klein gravity theories are examined, particularly as to whether these theories permit solutions in which the causality principle is violated. It is found that similarly to general relativity the field equations of the space-time-mass Kaluza-Klein (STM-KK) gravity theory do not exclude violation of causality of Gödel type, whereas the induced matter Kaluza-Klein (IM-KK) gravity rules out noncausal Gödel-type models. The induced matter version of general relativity is shown to be an efficient therapy for causal anomalies that occurs in a wide class of noncausal geometries. Perfect fluid and dust Gödel-type solutions of the STM-KK field equations are studied. It is shown that every Gödel-type perfect fluid solution is isometric to the unique dust solution of the STM-KK field equations. The question as to whether 5-D Gödel-type non-causal geometries induce any physically acceptable 4-D energy-momentum tensor is also addressed.
letters are 5-D indices and run from 0 to 4. The 5-D vacuum field equations (1.1) give rise to both curvature and matter in 4-D. Indeed, it can be shown [20] that it is always possible to rewrite the field equations (1.1) as a set of fifteen equations, ten of which are precisely Einstein's field equations
in 4-D with an induced energy-momentum origin. This is an elegant step towards the realization of the Einstein's vision [21] - [23] of nature as pure geometry in that it unifies the gravitational field with its source (not just with other fields) within a purely 5-D geometrical framework. We shall refer to this 5-D version of general relativity as induced matter Kaluza-Klein gravity theory (IM-KK gravity theory, for short). The IM-KK theory has become a focus of a recent research field [19] . The basic features of the theory have been explored by Wesson and others [24] - [28] , whereas the implications for cosmology and astrophysics have been investigated by a number of researchers [29] - [49] . For an updated list of references on IM-KK theory and related matters we again refer the reader to Overduin and Wesson [19] .
It has long been known that there are solutions to the Einstein field equations which possess causal anomalies in the form of closed time-like curves. The famous solution found by Gödel [50] in 1949 might not be the first but it certainly is the best known example of a cosmological model which makes it apparent that the general relativity, as it is normally formulated, does not exclude the existence of closed time-like world lines, despite its Lorentzian character which leads to the local validity of the causality principle. The Gödel model is a solution of Einstein's field equations with cosmological constant for incoherent matter (dust) with rotation. Owing to its striking properties Gödel's model has a well-recognized importance and has to a certain extent motivated the investigations on rotating cosmological Gödel-type models and on causal anomalies in the framework of general relativity [51] - [66] and other theories of gravitation [67] - [75] . Among the relevant results on Gödel-type models in general relativity, it is worth mentioning the Bampi-Zordan theorem [53] , which states that every Gödel-type solution of the 4-D Einstein's equations whose energy-momentum tensor is that of a perfect fluid is necessarily isometric to the Gödel model [50] .
In this work we shall examine the causal anomalies of Gödel- [5, 20] as an efficient therapy for all sort of causal pathologies that occur in general relativity, as it is normally formulated, our results are certainly an important step towards this conjecture in that they prove the effectiveness of the induced matter theory as a therapy for causal anomalies of the 5-D Gödel-type family of metrics.
Solutions and Causal Anomalies
In this section we shall first be concerned with Gödel-type solutions of both Kaluza-Klein theories of gravitation we have discussed in the Introduction. To this end we write the 5-D Gödel-type line element in the form
where H(r) and D(r) are arbitrary real functions of r, and the coordinates are such
Defining the one-forms Θ A according to
the Gödel-type line element (2.1) can be written as A straightforward calculation, performed by using the computer algebra package classi [77, 78] , gives the frame components of the Einstein tensor
R η AB in the frame (2.2). We find that the nonvanishing components are
4)
5)
6)
where the prime denotes derivative with respect to r.
The field equations in the STM-KK gravity theory are taken to be 5-D analogues of the usual 4-D Einstein's field equations [4, 5] , namely
where Λ and κ are the cosmological and the Einstein constants, respectively. We shall use units such that κ = c = 1, where c denotes the speed of light. We shall take the 5-D energy-momentum tensor T AB to be that of a comoving perfect fluid [4, 12] , viz.,
wherein ρ is the matter density, p is the isotropic pressure and p 4 denotes the pressure along the extra direction defined by Θ 4 = dψ.
When Λ = 0, the field equations (2.8) and the energy-momentum tensor (2.9) require that G 02 = 0, which in turn implies
From equations (2.4) -(2.7) and (2.10) one finds that the remaining field equations reduce
12)
The equations (2.12) and (2.13) then lead to 14) where for the present solution m 2 = 2 ω 2 .
Now, taking into account the irreducible set of isometrically nonequivalent homogeneous Gödel-type metrics [76] , the solution to field equations (2.10) and (2.14) can always be brought into the form (2.1) with
where, without loss of generality, we have used m = √ 2 ω for definiteness.
From (2.11) -(2.13) one obtains the equation of state Solutions with nonvanishing cosmological constant Λ can be similarly found. Indeed, here again G 02 = 0 implies (2.10), and the remaining STM-KK field equations reduce to
17)
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19) We shall now show how the above results give rise to the extension of the Bampi-Zordan theorem [53] we have referred to in the Introduction. Indeed, the equations (2.10) and (2.14) hold for all the above solutions of the STM-KK theory. But for arbitrary constants m 2 and ω, equations (2.10) and (2.14) are the necessary and sufficient conditions for a 5-D Gödel-type manifold to be (locally) homogeneous [76] . Therefore, taking also into account the theorem 2 of Ref. [76] , the above solutions are (locally) homogeneous and admit a group of isometry G r of dimension r = 7. Moreover, as there is a fixed relation Indeed, the line element (2.1) can be rewritten as 25) where
In this form it is clear that the existence of closed timelike curves depends on the behaviour of G(r). If G(r) < 0 within a certain range of r (r 1 < r < r 2 , say), Gödel's circles defined by t, z, ψ, r = const are closed timelike curves. Particularly, for the above 5-D Gödel geometry given by (2.15) and (2.25), it is easy to find out that there is a critical radius r c , defined by sinh(mr c /2) = 1, such that for all r c < r < ∞ the circles t, z, ψ = const and r = const > r c are closed timelike curves. Thus, similarly to the general relativity theory, the STM-KK gravity theory admits solutions which allow the violation of causality.
Following the reasoning outlined in the previous paragraph one can show [76] shall show that these types of non-causal curved manifolds cannot be accomodated in the context of the induced matter Kaluza-Klein gravity theory [5, 20] .
It should be noticed from the outset that since φ = 1 and the metric components of (2 .1) 
the line element (2.25) becomes In a recent article the main properties of the five-dimensional Riemannian manifolds endowed with a 5-D analogue of the 4-D Gödel-type metric were investigated and the main mathematical properties discussed [76] . Among several results, an irreducible set of isometrically nonequivalent 5D (locally) homogeneous Gödel-type metrics were exhibited.
It was also shown that, apart from the degenerated Gödel-type metric, for which the rotation Ω µ = (0, 0, 0,
) vanishes, in all classes of homogeneous Gödel-type geometries there is breakdown of causality. As no use of any particular field equations was made, these results hold for any 5-D Gödel-type manifolds regardless of the underlying 5-D Kaluza-Klein theory of gravitation.
In this work we have investigated the 5-D Gödel-type geometries from a more physical perspective. Particularly, we have examined the question as to whether the spacetime-mass and the induced mass theories of gravitation (STM-KK and IM-KK gravity theories [3] - [5] , [20] ) allow solutions that violated causality. We have shown that, similarly to general relativity, the STM-KK theory permits noncausal solutions of Gödel type.
However, the IM-KK gravity theory is shown to exclude this type of noncausal geometries.
Two perfect fluid and a dust solutions of the STM-KK gravity theory have been found. Actually, we have extended to the context of the STM-KK theory the BampiZordan results [53] , proving that all Gödel-type perfect-fluid solutions of the STM-KK field equations are isometric to the unique Gödel-type dust solution of this theory.
Regarding the question as to whether the 5-D Gödel-type noncausal geometries [76] induce any physically acceptable 4-D matter, clearly since φ = 1 and the metric components of (2. Although one cannot yet recommend the 5-D induced matter Wesson's version of general relativity [5, 20] as an efficient treatment for all sort of causal anomalies in general relativity, our results constitute an important step in this direction inasmuch as they make apparent the effectiveness of the induced matter theory as a therapy for causal anomalies of the 5-D Gödel-type families of metrics discussed in this work.
